Abstract.
Introduction
In [10] , Emma Lehmer discovered that certain well-known families of cubic and quartic fields contained translation units, where a translation unit 6 differs from a Gaussian period n by a rational integer. She then presented a family of quintic fields with the same property. Schoof and Washington [11] proved the converse of Lehmer's results for cubic fields and those quartic fields in which all units have norm +1.
Later D. H. and Emma Lehmer became interested in a cyclotomy where the Gaussian period n was replaced by the difference 8¡ of two periods r\¡ -nj+ ■ . We will show that the fields with analogously-defined delta units are, in the cubic and quartic cases, the same as those already known. In Lehmer's quintic case the situation is more complicated because the ordering of the r/'s is not unique. The Lehmers observed without proof in [9] that only half of the primitive roots mod/? induce an ordering of the rç's which give a delta unit in the quintic field of conductor p . We investigate this phenomenon.
Definitions
The cyclotomic classes of degree e and prime conductor p = ef + 1 are % = {gev+> mod/7 :v = 0,...,f-\\, j = 0,...,e-l, where g is any primitive root mod p. Here, Wq contains the »?th-power residues, but the ordering of the other classes depends upon the choice of g. The Gaussian periods r\ are defined by (2-1) »&=£#• } = 0,...,e-l,
where Çp = exp(2ni/p). The Lagrange resolvent x, sometimes called a Gauss sum, of a character % of order e (e.g., % is a complex-valued eth-power residue symbol) is p-\ T(*) = 5>t/')& /=o When x is taken to be the character defined by x(g) -Ce, the well-known fundamental relations between Gaussian periods and Lagrange resolvents are given by (2.2) x(xJ) = Y, Cik»k , nk = e~l Y Ce-Jkx(xj).
k=0 j=0
The delta cyclotomy is defined by (2. 3) Sj = nj-nJ+x.
Here and throughout, indices of n and ô should be understood mod e ; when omitted, we mean to refer to any n or S's. The different orderings of the r/'s induce different values of the á's.
A unit 6 such that 6 = n + c for some c e Z is called a translation unit. If 9 = S + c for some ô defined by (2.3), then 6 is a generalized delta unit; if 6 = ô ± 1, then 6 is a delta unit.
Cubic fields
Since the conductor p = 1 mod 6, we have the well-known decomposition 4p = L2 + 27M2, L=l mod 3, M > 0.
We may assume that g is chosen such that [5, Proposition 1]
If K is a cyclic cubic field of prime conductor p, the following are equivalent: (i) M = 1 , so K is a simplest cubic as defined by Shanks [12] .
(ii) K has a translation unit.
(iii) K has a delta unit, (iv) K has a generalized delta unit.
Proof, (i) =>((ii) & (iii)): Shanks showed that the polynomials
generate the cubic fields with M = 1 . Emma Lehmer showed that n + (L -1 )/6 is one of the units 6 [10] . The Lehmers showed in [9] that if M = 1 , then S -1 is a unit.
(iii) => (iv): Trivial.
(ii) => (i): This is shown in [11] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (iv)=>(i): We can find the minimal polynomial IrrQ<5 from the definition (2.3) and the cyclotomic numbers of order 3 . These are defined (for fixed <?)by (h,k) = #{u g (Z/pZy :veW¿g),v+le Wk(g)).
There are a number of well-known general formulas satisfied by the cyclotomic numbers (see, e.g., [1, 13] ), including e-l lala+k = e(fc)/ + 5^(A , k)na+h, (3.3) h=0
(Ik) _ Jl > k = 0, f even, or k = e/2, f odd, 1 0, otherwise.
The cyclotomic numbers for e = 3 were determined in principle by Gauss. It is now a routine computation to find that lrrQâ = X3-pX + Mp.
We are therefore looking to solve (3. Since p is prime, it divides one of the factors on the left. If (3.5) dp = c2 + c+ 1, •> r7 -,-.*,-> 8c2 , ^ 2y/2c 5c dp < 2c2 =4> L2 + 27M2 < -j-=> M < -== < -.
Plugging this back into (3.6), we have
(since c > 5), a contradiction. Now suppose (3.8) dp = c-l, Combining this with (3.9) gives the inequality c2 + 1 < y/c, which never holds. Hence, there are no generalized delta units of norm +1. For the norm -1 case we are looking for solutions to
Proceeding similarly to the positive-norm case, we first consider the possibility that dp = c2 -c + 
The remaining case is dp = c + 1 . But then, as with dp = c -1 , we quickly get a contradiction:
/7<d/?<2c=>A/<\/c=>c2-c+l < c + y/c, and since c > 6, this, too, is impossible. D
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We found all solutions to (3.4) during the proof of the theorem and summarize this result. Shanks [ 12] showed that when M = 1, the group generated by -1 and any two of the units Q¡ in (3.2) is the full unit group, and that Galois action on the units 0 is given by the map 0 -> -(0 + l)~x . Since t]o is invariant under choice of g, we fix 6q . Delta units and the choice of g. Fix, for the moment, the choice of g. In general, redefining the periods using a generator g' e ^ yields n'v = nVj.
If g' 6 fif , then S'v = -<?>_" . Therefore, in looking for delta units, W¡g) and W^1 can be paired, so 4>(e)/2 essentially distinct delta polynomials must be considered. Therefore, when e < 5, the existence of delta units does not depend on the choice of g . For cubic fields, choosing a primitive root from the other class of cubic nonresidues £ §2 changes the signs of ô , c, and the norm of the delta units.
QUARTIC FIELDS
Because we are interested in both cyclotomy and units, we will consider only the real fields, where p = 1 mod 8 . (The unit groups of the imaginary quartic fields are generated, up to torsion, by quadratic units.) Here we will use the normalization p = a2 + b2, b = 0 mod 4, b > 0, a = 1 mod 4, and a primitive root g is chosen (per [7] ) with (iii) K has a delta unit.
(iv) K has a generalized delta unit of norm +1. where x is the quartic character belonging to K, viz., the quartic residue symbol (^¿7)4 . (Condition (4.1) is equivalent to x(g) = ' [7] .) A general formula for the minimal polynomial of any element written in this way appears in [8] (or see Gras [3] ). From (2. .4) is not satisfied. The cases c = ± 1 have been handled above, so we may assume \c\ > 5 .
Proof. (i)=>((ii) & (iii)): Emma Lehmer showed that if b = 4, then -n + (a -l)/4 is a root of the Gras quartic polynomial [3]
Supposing, first, that dp = c + 1, we have b' = c± yjd(c -l)(c2 + 1). The minus root gives V < 0, impossible. The plus root gives b' > \c\3/2 + c > |c|3/2/4. Then b > \c\3/2, so p > \c\3. Since (b' -c)2 > {fflcl3, we are reduced to the inequality c4 > 753c6, which is never true for \c\ > 5. The case dp = c -1 is virtually identical. The case dp = c2 + 1 is similar. Here, b' = c± \Jd(c2 -1). Since b' G Z and c / ± 1, we cannot have d = 1, so the minus root is impossible. Then ,, >/24.y2-l). . 2|c| 64 2 4 , ,,,
which again has no solution, d
We have also proved en passant:
Corollary 4.1. A generalized delta unit of norm +1 is a delta unit with c = 1.
If 6 = ô ± 1 is a delta unit, then b = 4, the plus sign holds, and /V/J 0 = 1.
Gras showed that Galois action on the roots 0 of (4.2) is given by 6j+x = (0;-l)/(0;+l). (2) The only known example of a translation unit of norm -1 is r\ -2 in the field of conductor 401 [11] . This field does not contain a generalized delta unit. The only generalized delta unit of norm -1 which we have found is S + 2 in the field of conductor 17, which also contains delta units; no others can exist for c4 + 1 squarefree.
QUINTIC FIELDS
Dickson showed [2] that the conductor p = 1 mod 5 may be decomposed as I6/7 = x2 + 50w2 + 50w2 + 125U72, subject to xw = v2 -4uv -u2 , x = 1 mod 5.
If (x, u, v , w) is one solution to this system, the others are (x, -v, u, -w), (x, v , -u, -w), and (x, -u, -v , w). If g is a primitive root mod/7, Katre and Rajwade proved in [6] that (x, u, v, w) can be defined unambiguously, given g, by the additional condition g(p-\)/5 = ra_ \ob)/(a+ 10b) mod p, a = x2 -I25w2, b = 2xu -xv -25vw.
Conversely, if a choice of (x, u,v,w) is fixed, primitive roots g in only one of the four classes of quintic nonresidues in Z/pZ will satisfy (5.1). The cyclotomic numbers for such g are given by 
'
The quintic analogue to a simplest field was given by Emma Lehmer in [10] . The converse of Theorem 3 is false. In the field of conductor 211 using (x, u, v , w) = (1, 1, 2, -5 ), S -1 is a unit of norm -1 . There is a generalized delta unit ô -3 for p = 61 and (x, u, v , w) = (1, 1,4,-1 ).
Schoof and Washington showed that Galois action on the quintic translation units (5.6) can be given by (n + 2) + n6-d2 (5) (6) (7) (8) 6^ l + (n + 2)6 ■ When g satisfies (5.7), then (5.6) induces an ordering of the Q¡. The method of Proposition 3.2 can be used to show that with this ordering the image of 0o under (5.8) is 02 when w = 1 , and 63 when w = -1. In [11] , the map (5.8) was derived from (5.6) and the canonical ordering of the r\¡, but we have changed the normalization of (x, u, v, w) from [10] and [11] . The normalizations (3.1), (4.1), and (5.1) all follow naturally from Jacobi sums; they insure that the character defined by x(g) -Ce coincides with the particular cth-power residue symbol modulo p belonging to the field K [5] . Using Lehmer's u and v with normalized g makes the units translates of ô' instead of ô . Changing u and v seemed the lesser evil.
Remark. We were unable to find any infinite family of quintic fields with generalized delta units containing either p = 61 or p = 211 . Furthermore, we were unable to make any progress on the conjecture of Schoof and Washington in [11] that all quintic fields with translation units are of Emma Lehmer's form (5.5).
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